Abstract-We analyze the ellipticity of the standard k · p Wurtzite model for the symmetrized and the Burt-Foreman operator ordering. We find that the symmetrized Hamiltonian is unstable, leads to different results and can cause spurious solutions. We show that the operator ordering in Wurtzite must be completely asymmetric to be stable. The asymmetric operator ordering is elliptic and therefore no spurious solutions are obtained.
I. INTRODUCTION
In the numerical modeling of optoelectronic devices, the electronic properties of the active regions are often determined using the k·p envelope function theory (EFT). Its formulation as a coupled system of partial differential equations requires only a modest computational effort. Therefore systems of quantum wells, wires or dots can be solved on standard workstations using plane-wave expansions, finite differences or finite elements. An important issue (in the envelope function theory) is the correct ordering of the differential operators. Starting from bulk k·p terms, one replaces the wavenumbers k j by operators
In a bulk crystal, the wavenumber operator commutes and therefore the exact splitting of H (2) ij is ambiguous. Due to lack of knowledge, usual implementations use a symmetric (but incorrect) distribution to obtain a hermitian equation system. Burt [1] , [2] discovered that the operator ordering could be derived from the heterostructure's Schroedinger equation. He concluded that the operator ordering is hermitian but not necessarily symmetric. Foreman [3] then derived the operator ordering for zinc-blende models, which is referred to as the Burt-Foreman (BF) ordering. With the advent of blue-and green light emitting diodes, modeling of nitride nanostructures with wurtzite crystal symmetry attracts much attention. Usual calculations are based on the symmetrized version of the wurtzite Hamiltonian [4] . Mireles et al. [5] derived the corresponding operator ordering and demonstrated the underestimation of the coupling to remote d-like states in the symmetrized version of the Hamiltonian.
In this work, we analyze the 6×6 k·p Hamiltonian of [4] and show that the symmetrized Hamiltonian is unstable and leads to spurious solutions. We then use the ellipticity analysis to suggest a stable operator ordering. 
II. EFFECT OF OPERATOR ORDERING ON WURTZITE QUANTUM WELLS AND QUANTUM WIRES
In [5] it was shown that BF operator ordering does lead to significantly different results when the parameters of the involved materials change by a significant amount at the heterointerface. This is illustrated in Fig. 1 where the difference in the bandstructure of a 1.5 nm wide GaN quantum well embedded in AlGaN is plotted. The results were obtained using the finite element k·p solver tdkp [6] .
The left figure corresponds to an Al molefraction of 0.25 and the right to 0.7. The circles denote the calculation using a completely asymmetric ordering while the triangles denote the results obtained with the symmetrized Hamiltonian. Obviously the difference is significant and increases with increasing Al content (and therefore increasing parameter difference between barrier and well material). Increasing the Al content further would lead to subbands bending into the forbidden bandgap.
If similar calculations are performed for a square 1.5 nm 2 quantum wire using the same material system, the effects are even more dramatic, as can be seen from spurious states above the upper valence band-edge of GaN (which is at 0.0156 eV). The results obtained using BF operator ordering are still in a reasonable form and not affected by any spurious solution. These findings can be explained in terms of the ellipticity of the given equation system.
III. ELLIPTICITY ANALYSIS OF WURTZITE k·p MODEL
The bilinear form of the coupled equation system given by the EFT is in analogy to a scalar second order partial differential operator given by [7] 
where h kl ij ≡ (H 
The operator ordering in the wurtzite model leads to a splitting of the A 5 k i k j and A 6 k i k j terms
In order to determine the optimal splitting, we calculate eigenvalues of h kl ij for different choices of A 5,+ and A 6,+ and plot the non-ellipticity ratio (3) for each combination. In Fig. 3 , the situation for GaN is shown. It is clear that the equation is elliptic only for a complete asymmetric distribution between A i,+ and A i,− for both parameters, A 5 and A 6 . Any significant deviation from the completely asymmetric splitting leads to increasing non-ellipticity. The non-ellipticity of the symmetrized operator ordering is indicated with the cross in figure 3 and is obviously highly non-elliptic. For AlN and InN, we obtain very similar results. These materials also require a complete asymmetric split between A i,+ and A i,− .
IV. CONCLUSION
The symmetrized wurtzite k·p Hamiltonian [4] is numerically unstable for the usual material parameters. Its application to quantum wires can lead to spurious solutions, depending on the involved materials. The associated problems are caused by the lack of ellipticity due to wrong operator ordering, as it was already found in zinc-blende k · p models [7] . The suggested complete asymmetric operator ordering reestablishes the ellipticity of the equation system and leads to stable and spurious solution free bandstructures. The ordering has also been motivated physically in [5] , although their estimate suggests a less asymmetric distribution.
